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Abstract 

We compute the torsion-free linear maps J : su(2) — ► su(2), deduce a new deter- 
mination of the integrable complex structures and their equivalence classes under the 
action of the automorphism group for u(2) and su(2) ® su(2), and prove that in both 
cases the set of complex structures is a differentiable manifold. u(2) ffiu(2), su(2) and 
u(2) JV are also considered. Extension of complex structures from u(2) to su(2) ©su(2) 
are studied, local holomorphic charts given, and attention is paid to what representa- 
tions of u(2) we can get from a substitute to the regular representation on a space of 
holomorphic functions for the complex structure. 

1 Introduction. 

The left invariant integrable complex structures on the group U (2) of unitary 2x2 matrices, 
i.e. integrable complex structures on its hie algebra u(2), have been computed for the 
first time, up to equivalence, in [11] in the algebraic approach, that is by determining the 
complex Lie subalgebras m of the complexification of gc of u(2) such that flc = ttl © ttt, 
bar denoting conjugation. More recently, and more generally, all left invariant maximal 
rank CR-structures on any finite dimensional compact Lie group have been classified up 
to equivalence in [SJ. Independently, in the case of SU(2) x SU(2), the integrable complex 
structures on su(2)©su(2) have been computed in [4] by direct approach and computations. 

In the present paper, we first compute the torsion- free linear maps J : su(2) — > su(2). 
They appear to be maximal rank Ci?-structures, of the Ci?0-type in the classification of [5J. 
Then we show how to deduce, with the computer assisted methods of [B], a new determination 
of the integrable complex structures and their equivalence classes under the action of the 
automorphism group for the specific cases of u(2) and su(2) ©su(2), without resorting to the 
general results of [2] . Our method consists in growing dimensions starting with torsion- free 
linear maps of su(2). 
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u(2) ffiu(2), and extensions for su(2) N and u(2) N are done too. In thoses cases, the set of 
complex structures is a differentiable manifold, though we write down explicit proofs only in 
the cases of u(2) and su(2)©su(2). We also examine the extension of complex structures from 
u(2) to su(2) ©su(2), compute local complex charts for the complex manifolds associated 
to the complex structures, and determine what representations of u(2) we can get from a 
substitute to the regular representation on a space of holomorphic functions for the complex 
structure. 

2 Preliminaries. 

Let Gq be a connected finite dimensional real Lie group, with Lie algebra g. An almost 
complex structure on g is a linear map J : g — > g such that J 2 = — 1. The almost complex 
structure J is said to be integrable if it satisfies the condition 

[JX, JY] - [X, Y] - J[JX, Y] - J[X, JY] =0 VX, Y e g. (1) 

From the Newlander-Nirenberg theorem [10] , condition |T]) means that Go can be given the 
structure of a complex manifold with the same underlying real structure and such that the 
canonical complex structure on Go is the left invariant almost complex structure J associated 
to J. (For more details, see [6]). By a complex structure on g, we will mean an integrable 
almost complex structure on g, that is one satisfying |T]). 

Let J a complex structure on g and denote by G = (Go , J) the group Go endowed 
with the structure of complex manifold defined by J. The complexification gc of g splits as 
g c = fl (l.°) efl (o,l) where g^ ) = {X = X-UX; X G g}, gt ' 1 ) = {X~ = X + iJX; X € g}. 
We will denote g^ 1 ' -* by m. The integrability of J amounts to m being a complex subalgebra 
of gc- In that way the set of complex structures on g can be identified with the set of all 
complex subalgebras m of gc such that gc = m © m, bar denoting conjugation in gc- In 
particular, J is said to be abelian if m is. That is the algebraic approach. Our approach is 
more trivial. We fix a basis of g, write down the torsion equations ij\k (1 k ^ n ) 

obtained by projecting on Xk the equation [Jxi, Jxj \X"i , Xj j J Xi . X j } — J[xi, Jxj] = 0, 
where (xj)i<^j^ n is the basis of g we use, and solve them in steps by specific programs 
with the computer algebra system Reduce by A. Hearn. These programs, are downloadable 
in [3]. From now on, we will use the same notation J for J and J as well. For any 
x € Go, the complexification T x (Go) c of the tangent space also splits as the direct sum of the 
holomorphic vectors T 2 ,(Go)^ 1 '°' ) = {X = X — iJX; X € T x (Gq)} and the antiholomorphic 
vectors T X (G ) (0,1) = {X~ = X + iJX; X e T X (G )}. For any open subset V C G , the 
space Hc(V) of complex valued holomorphic functions on V is comprised of all complex 
smooth functions / on V which are annihilated by any antiholomorphic vector field. This 
is equivalent to / being annihilated by all 

Xj = Xj + UXj 1 < j < n (2) 

with (Xj)i^j^ n the left invariant vector fields associated to the basis {xj)i^.j^n of g. Hence 

#c(V0 ={fe G°°(F) ; XJ f = Vj 1 < j < n}. (3) 
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Finally, the automorphism group Aut g of g acts on the set X g of all complex structures 
ongbyJ^>foJo V$ G Aut g. Two complex structures J, J' on g are said to be 

equivalent if they are on the same Aut g orbit. For simply connected Go, this amounts to 
requiring the existence of an / G Aut Go such that / : (Go, J) — > (Go, J') is biholomorphic. 



3 U(2). 



Consider the Lie algebra su(2) along with its basis {Ji, J2, J3} defined by J\ = |(J J), 
J 2 =Hi"o I ). J 3 = Ho-°i)- Onehas 



(cos I" — sin -| 
sin 4 cos 



[Ji, h\ = J3, [Ja, J 3 ] = Ji, [Js, Ji] = J2 (4) 

and the corresponding one-parameter subgroups of SU(2) are e tJl = (^^ n \ '^t 2 ^j, e tj2 = 

3 tJ 3 = ( e 3 t V By means of the basis { J\, J2, J3}, su(2) can be identified 

to the euclidean vector space K 3 the bracket being then identified to the vector product 
A. Then Aut su(2) is comprised of the matrices A — Mat(a, b,a A b) with a, b any two 
orthogonal normed vectors in M 3 , i.e. Autsu(2) = 50(3). Now, u(2) = su(2) © c where 
c = K J 4 is the center of u(2), J 4 = | (J ? ) ■ We use the basis (Ji, J 2 , J 3 , J4) for u(2). R* 
stands for E\ {0}. 

Lemma 1. Aut u(2) ^ 50(3) x M*. 

Proof. As the center is invariant, any $ £ Auiu(2) is of the form 



$ = 



/ 0\ 
A 




with A G Autsu{2) S 50(3) and 6| € 
[u(2),u(2)] =su(2) (1 < A; < 3). 



Necessarily, 6j = 6| 



0, since $(-4) G 
□ 



Lemma 2. Lei J : su(2) — * su(2) linear. J has zero torsion, i.e. satisfies {Ip, z/ and only 
if there exists R G 50(3) such that 



10' 
R- 1 JR= 1-10 

ff 



(5) 
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Proof. Let J = (£j)i^i,j^3 m the basis (Ji, J2, J3). The 9 torsion equations are 



12|1 


zm+zD+zm-zD-zm+zD- 


= 0, 




12|2 


ZM + ZD-zm-ZD-zm + ZD- 


= 0, 




12|3 


zu 2 zui m 2 m 2 + zm +zd+ 


1 = 


0, 


13|1 


ZHZ!-ZD + zm + ZD~zm + ZD-- 


= 0, 




13|2 


zizf + zui - (zd 2 (zi? + zm ZD + 


1 = 


0, 


13|3 


-zm + zi) + zm + zd + zm - zd 


= o : 




23|1 


zlzi + zizl (ZD 2 (ZD 2 zm ZD + 1 = 


0, 


23|2 


zm-zD-zm+zD+zm+zD- 


= 0, 




23|3 


zm+zD-zm+zi)+zm-zD- 


= 0. 





Again, we identify su(2) to R 3 with the vector product by means of the basis ( Ji, J2, J3). 
J has at least one real eigenvalue A. Let f 3 e M 3 some normed eigenvector associated to 
A. Then there exist normed vectors fi, f2 € K 3 such that (fi, f 2 , fa) is a direct orthonormal 
basis of E 3 . Hence there exists R e 5*0(3) such that 

/* * 0\ 
RT^AR = * * . 

y* * Ay 

Hence we may suppose £3 = £f in J. Now, the torsion equations 12 1 1 and 12 1 2 read re- 
spectively ei(Zl " ZD = ZUZl + ZD, ZKZ 2 i + ZD = ZUZl - ZD and ™ply the 2 equations 
(ZD 2 (Zi~ZD = ~(ZD 2 (Zi~ZD, (ZD 2 (Z!+ZD = ~(ZD 2 (Z!+ZD- Hence each one of the con- 
ditions £| ^ £j or £ 2 ^ — implies £ 3 = £ 3 = 0- We now have 2 cases. Case 1 : £ 3 = £ 3 = 0. 
Case 2 : £ 3 ,£f n °t both zero. In Case 2, one necessarily has £| = Zi an d Zi = — ZD Then 
equations 23|1 and 23|2 read -(ZD 2 + (ZD 2 + 1 = 0, C2Z1 = and give £f = 0, & = ±1. 
Now equation 12 13 reads (ZD 2 + (ZD 2 = 0- Hence Case 2 doesn't occur, i.e. one may sup- 
pose £i = £f = 0. Then equations 13|1 and 23|2 read resp. £$(Zi + ZD = Zi(Zi - ZD, 
ZM + ZD = -ZKZ 2 i -ZD, hence if £ 2 ^ necessarily £ 2 = ~Zl Now £ 2 = is im- 
possible since it would imply either £| = or £| = 0. In fact, first, if ^ = 0, equations 
12|3, 13|2 and 23|1 read resp. + £) - + i = 0) £ 3 (-£ 2 2 + - £ 2 2 £ -1 = 0, 

Cf(— + £i) + ZUi + 1 = 0, so that 12|3 + 13|2 gives - £f) = and 12 l 3 + 23 |1 S ives 

= — 1, hence £f ^ and £f = £f, which is impossible since then 12 13 reads (ZD 2 + 1 = 0. 
Second, if £f = 0, 12|3, 13|2 read resp. -$Zi + (ZD 2 + 1 = 0, ~ZUl + (ZD 2 -1 = 0, which 
is contradictory. Hence we get as asserted £ 2 ^ £ 2 an d Z2 = ~Zi- Now we prove that £| = 
and £ = ±1. Since £f = equations 12|3, 13|1, 13|2, 23|1 read resp. 

12|3 ZU 2 i + (Ci 1 ) 2 + 1 = 0, 

i3ii zm+zD-zm-zD = o, 

13|2 2£ 3 £ 1 1 + (£ 1 2 ) 2 + (£ 1 1 ) 2 -1 = 0, 

23|i 2e 3 e 1 1 -(e 2 1 ) 2 -(e 1 1 ) 2 + i = o. 
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From 12|3, £| ^ and £ 2 = , Then 13|1, 13|2, read resp. Q = 0, R = with 

o = £((#) a + (e 2 ) 2 + 1) - eK^ 1 ) 2 1 fe 1 ) 2 +i),«= (amig + Kj) 2 - 1) + mr + i) 2 . 

Denote from 23|1 5 = 2£f£i - (&) 2 - (£i) 2 + 1- Suppose £j ^ 0. Then N = ^ = 

2£f(fe 1 ) 2 ' 1) + £i((£i) 2 + fe 1 ) 2 + 3) = would give, for £* ^ ±1, £f - - *' ( ^ffi) +3) 

and then = ^"ll ^ 2 ^ u which is impossible since the polynomial 

X 2 ± 2X + (£j) 2 + 1 has no real root. Hence £^ = ±1. Now 5 = gives £f = % and then 
R = (£i) 2 ((£i) 2 + 4 ) 7^ 0. Hence £| = 0. Finally that implies as asserted £} = ±1, since 
R = -(Cl) 2 + 1- We conclude that £^ — £f = 0, £ 2 = -£21 £2 = ±1- Changing if necessary $ 
to $diag((5 q) , —1)), one may suppose £2 = 1. □ 

Remark 1. Recall that a rank r C-R-structure on a real Lie algebra g is a r-dimensional 
subalgebra m of the complexification gc of g such that m n m = {0}. Then m = {X — 
iJpX;X G p} where p (the real part of m) is a vector subspace of g and J p : p — > p is a 
zero torsion linear map such that J 2 = —Idp. Alternatively, a Ci?-structure can be defined 
by such data (p, Jp). For even-dimensional g, Ci?-structures of maximal rank r = i dimg 
are just complex structures on g. Ci?-structures of maximal rank on a real compact Lie 
algebra have been classified in [2]. For odd-dimensional g, they fall essentially into 2 classes: 
CRO and (strict) CRI. For even-dimensional g they are all CRO. From lemma [2J any 
linear map J : su(2) — > su(2) which has zero torsion is such that ker (J 2 + Id) ^ {0}, and 
hence defines a maximal rank Ci?-structure on su(2). It is of type CRO. Let us elaborate 
on that point, do = CJ3 is a Cartan subalgebra of su(2). The complexification sl(2) of 
su(2) decomposes as st(2) = CH- ® t) ® CH+ with H± = %J\ =F J2, H 3 = ij 3 , f) = CH 3 . 
Any maximal rank Ci?-structure of Ci?0-type (resp. (strict) Ci?/-type) is equivalent to 
m = CH + (resp. m = C(aJ 3 + H + ), a e K*), and has real part p = MJi © KJ 2 (resp. 
p = MJi RJ 2 > J'2 — J2 ~ aJ 3 ). The corresponding endomorphism J p of p has matrix 
(-10) in the basis (J\, J2) (resp. (Ji, J' 2 )) and has zero torsion on p. Any extension of J p 

to su(2) has matrix -lof, in the basis (Ji, J2, J3) (resp. (Ji, Jj, J3)). In the Ci?0 case, 
V °€l/ 

it has zero torsion on the whole of su(2) if and only if £3 = £| = 0, i.e. is of the form ([5]). 
In the CRI case, it never has zero torsion on the whole of su(2). 

Lemma 3. Let g = ©jLx 8^> where g^ are real Lie algebras with bases Bj = (X^ )i^k^nj> 
and let : g — > 6e i/ie projections. Let J : g — > g &e a linear map, ttj — 7i"W oJott^\ 
TTj — n^' o Jo TT^\ s (j). If J has zero torsion, then the 2 following conditions are satisfied: 

(i) 7r* has zero torsion for any i; 

(ii) [ir)X, ti)Y\ = tt)[JX, Y] + it)[X, JY] MX, Y e g W for any i,j such that i ^ j. 
Proof. For any i, j let X, Y 6 g. Applying to the torsion equation {1} we get 

[tt« JX, n^JY] - [Ti {i) X, 7r«y] - 7T« J[JX, Y] - TT^J[X, JY] = 0. (6) 

Suppose first i = j and X,Y e gW. Then [JX, Y] = [n^JX,Y] = tt^ [ttW Jtt^X, y], and 
[X, jy] = [X,tt^JY] = tt {€ >[X,it^Jit^Y], and moreover [tt^X,tt^Y] = [A,y], hence 
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© gives 

[7rWjX,7r (i) JF] - [X,Y] -7r (i) J7r (i) [7r (i )j7r (i )X,y]-7r (i )j7r (i )[X,7rWj7r (i )F], 

[ffjjf, tt*Y] - [X, Y"] - tt| RX, y] - Jrj [X, tt'Y] 

that is 7f* has no torsion. Suppose now i ^ j and X,Y £ flCi). Then [7r«X,7rMy] = and 
@ gives 

[ttW JX, tt« jy] - tt« Jtt^ [ JX, y] - tt W Jtt (j) [X, jy] = 0, 



i.e. 



[ttJ-X, Trjy] - Ti-; [ JX, y] - n) [X, JY] = 0. 



□ 



Theorem 1. (i) Let J : u(2) — > u(2) linear. J has zero torsion, i.e. satisfies {Ip, if and 
only if there exists $ S 5*0(3) x swc/i £/iai 



$ _1 J$ = 



/ 1 0\ 

-10 

o o ei el 

vo o a a j 



a e 



1 €ffi(2,R). 



(7) 



fzi) ^4m/ J € 3£ u (2) *s equivalent to a unique 



/0 1 

-1 






1 



(8) 



\o o -(i+e) -ey 

im£/i e S R. J(0 fl^d € are equivalent if and only if £ = 

Proof, (i) From lemma [3] 



/ 



J = 



•/i 



<2 



W c! 4 4 «y 



for some Ji : su(2) — > su(2) with zero torsion. From lemma [2j there exists R G .SO (3) such 

10. 

whence 



that i?" 1 J X R =(-100 
1 o of 3 



/ o i o el\ 

-1 o o el 
o o el £l 



$ = diag(i?, 1). Hence we may suppose J\ = 



= -10 



£| 



Now the torsion equations 13 1 4, 23|4 



14|3, 24|3 give the 2 Cramer systems £&f+g = 0, # = 0; &f-£ = «, Q+Sel = 



G 



Hence £f = ef = = Q, — 0- Then all torsion equations vanish, and (i) is proved ([3], 

torsionu2 . red). 

(ii) From (i), we may suppose 



J = 



/ 1 0\ 

-10 

o o e 3 ei 

\o o e| e 4 4 / 



Now 



if and only if 


V«3 4 «1 


r 


= —I, i.e. 








i 





\ 




-1 











J = 








ei 


el 









l + («3 3 ) 2 

c2 


-elj 



el ^ o. 



Observe now that for any $ = diag(A, b) G .Auf u(2) (A S 50 (3), 6 ^ 0) 

/ 



Taking A = I, b = £f , we get 



AJiA -1 



b(o 





l+(d) 2 


K 1 








l 





\ 


i _ 


-1 



























-(1 


+ 3 (e 3 3 ) 2 ) 


-elj 




(9) 



Hence J is equivalent to ,/(£) in © with £ = £f. The last assertion of the theorem results 
from ([9]). □ 

Remark 2. In [TT] . the equivalence classes of left invariant integrable complex structures 
on u(2) are shown to be parametrized by the complex subalgebras md with basis {Ji + 
1J2, 2iJ 3 + dJ^} with d = — j^pp-j £ S K. The complex structure defined by m<j has matrix 



/ 1 

-10 

e 2(1 + £ 2 

Vo -i -e y 



$j(e)$- 1 



with $ = diag(l, 1, 1, 2 (i+^) ) e Aut u(2). 

Remark 3. u(2) has no abelian complex structures since, for J(£), m = CJi ffi CJ3 is the 
solvable Lie algebra [Ji, J3] = i(l — i£)Ji- 
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Corollary 1. X u (2) is comprised of the matrices 
( (a\) 2 c 2 ^ [a% + ala\cOc 



\a\c^)c 



{a\a\c^ + a\)c 
v -{e + l)c 2 a\ 



{alfcH 
(a\a\c(, - a\)c 

~(e + iyai 



with the conditions 



(ala\cf; - a\)c 
(a\a\c£ + a\)c 
{alfc^ 



l)c 2 a\ 



e 



\{0}, c = ±({aiy + {aiY + {alf)- 



(10) 



(11) 



Proof. As is known, any R G 5*0(3) can be written 

,2 „,2 



W 2 + S 2 



' U — V 

2(-sw 
2{sv + uw) 



-2(uv 

,,2 i 



WS ) 
2 



uv) U 2 — V 2 + W 2 — S 2 

2{su — vw) 



2 ( — uw + sv) 
—2(su + vw) 
u 2 + v 2 — w 2 ~ , 



for q = (u, v, w, s) £ § 3 (R can be written in exactly 2 ways by means of q and 
any $ 6 Aut u(2) can be written 



/ 







with R as in (fl"2l) and c € 



i? 



\0 c/ 
\ Then we get for $J(^)$ _1 the matrix ([10]) with 



r/,4 



-(sv — uw), 

- — (su + vw), 
c 

-(2u 2 + 2v 2 -1). 



(12) 
-5). Hence 



(13) 
(14) 
(15) 



-V+w 2 + s 2 = 1, one gets (a^) 2 + (al) 2 + (a 3 ) 2 = \. Conversely, for any matrix 
J of the form (jTOj) with conditions (jTTJ) there exist $ £ Autu(2) and £ £ R such that 
J = <I>J(£)<I> -1 . This amounts to the existence of q — (u,v,w,s) £ § 3 such that equations 
(fl~3|) . (fl4|) . (fl~5|) hold true, and follows from the fact that the map S 3 — * § 2 q 1— > (ca|, ca 2 , ca|) 
is the Hopf fibration. □ 



Corollary 2. X u (2) is a closed 4-dimensional (smooth) submanifold o 
components, each of them diffeomorphic iolx (K 3 \ {0}) . 



with 2 connected 



Proof. Denote X^ ( res P- ^ u (2)) tne su °set °f those J <E X u (2) with c > (resp. c < 0). 
As c is uniquely defined by the matrix J = (a*-) € X u (2) by the formula 

a\(a\ - a 2 ) + a\(-a\ + a\) + a\(aj - a\) 



2c- 



(a\) 2 + (aj) 2 + (al) 2 
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one has X u ( 2 ) = 3£„/ 2 ) ^ ^u(2) w ith disjoint union. -£^(2) (resp. £~/ 2 \) is a closed subset of 
R 16 . It hence suffices to prove that 2E^ 2 ) ^ s a re gul ar submanifold, the case of £^(2) being 
analogous. Let f :lx (R 3 \ {0}) — > 3^(2) be the bijection defined by (a^, a 2 , a 3 )) = J 

where J is the matrix (flQ|) with c = ((a^) 2 + (a^) 2 + (at) 2 ) 2 • We equip X„( 2 ) with the 
differentiable structure transferred from R x (R 3 \ {0}) . The injection i from X„( 2 ) into the 
open subset X C R 16 defined by (a 4 ) 2 + (a 2 ) 2 + (a 3 ) 2 ^ is smooth. Now, there is a smooth 
retraction r : Ih ^u(2) defined by r(A) = F(—a\, (a\, a 2 , a 3 )) for A = (aj) € X. Hence i 
is an immersion and the topology of X^, 2 \ is the induced topology of R 16 . □ 



4 577(2) x 577(2). 



Lemma 4. Aut (su(2) su(2)) = (50(3) x 5*0(3)) U r (50(3) x 50(3)) where t = (° i i q ) 
is the switch between the two factors o/su(2) ©su(2). 

Proof. Let (1 ^ fc ^ 3) (resp. (1 ^ I ^ 3)) be the basis for the first (resp. the 

second) factor su(2)W (resp. su(2)( 2 )) of su(2) © su(2) with relations ((4]), and ir^ (resp. 
7r( 2 )) the corresponding projections. Let <I> = ( |j ) g Aui (su(2) ©su(2)), each 3>j being 
a 3 x 3 matrix. $i = (it^ o $V , 2 , (1) is an homomorphism of su(2)^' into itself. Hence 

the three columns of <&! are two-by-two orthogonal vectors in R 3 and if one of them is 
zero, then the 3 of them are zero. In particular, if $i ^ 0, then <!>i S 50(3). With the 
same reasoning, the same property holds true for $ 2 , 3> 3 , $4. Suppose first $i ^ 0. For 

M = 1,2,3, [* (1) Wk ] ))^ (1) (HJ? '))] = 4 2) ])) = °- That im P lies that an y 

column of <&i is colinear with any column of $ 2 , and hence <E> 2 = since the columns of 
$i are linearly independent. Then det $4 ^ 0, whence $4 E 50(3) and finally $3 = by 
the above reasoning. Hence $ = ( * 1 ^ ) e 50(3) x 50(3). Suppose now $1 = 0. Then 
det $ 2 7^ 0, whence $ 2 € 50(3), and det $3 ^ 0, whence $3 € 50(3). By the same argument 
as before, $ 4 = 0. Hence $ = ( ° * 2 ) = r ( * 3 £ ) e r (50(3) x 50(3)) . □ 



Theorem 2. Let J : su(2) ©su(2) — > su(2) ffisu(2) linear. J has zero torsion, i.e. satisfies 
fl]), if and only if there exists $ £ 50(3) x 50(3) such that 



(0 


1 













-1 































& 














1 














-1 








{0 





£ 6 

?3 











Proof. From lemma[3]and lemmaEl there exists $ S 50(3) x 50(3) such that 



(16) 



/o 


1 





el 




a\ 


-1 








si 


a 










el 


S4 


S5 


^ 3 

S6 


si 


si 


si 





1 





4-? 


s5 


el 


-1 








U? 


si 


si 











(17) 
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Hence we may suppose J of the form (fTT)) . The matrix (£j)i^i^3,4^j^6 (resp. (£J)4^i^6,i^j<3) 
is the matrix of 7r| (resp. tt\) of lemma[3] Consider the vectors u = -k\ j[ 2 \ v = -k\ , w = 
^ J3 • From lemma [5] (ii) one has: 



= ,\ [Jjf\ Jf ] + tt* [-tfVJ^] = [- J™, J* a >] + ^ [J™, J™] = 0, 



r(2) tt(2) 



(2) t(2)i 



r(2) r(2)l 



r(2)l 



f(2) t(2)i 



7(2) 



(2)i 



r (2) T (2)i 



r(2) tf 6 7(2)1 



U-l 7(2) 1 t(2)i 1 r t t( 



That is: 



(2) j(2 }] 



(2) 



- /( 2 ) _ tV / (2) 

— 7I 2 J l ?6 7r 2 J 2 



uAv = 0, 
v A w = -v -' ' " 
u A w = — u 



4>, 



which implies u = v = 0. With the same reasoning for 7rf, we get 



J 





1 











a\ 


-1 














a 








f :i 

S3 








a 








fi 
S3 





1 











f 5 
S3 


-1 








\o 





f 6 
S3 








a) 



(18) 



Now the torsion equations 16 13, 26 13 36|4,36|5 give the 2 Cramer systems £|£f 
-.<> 



CI 



& + ZUe = 0; £ 3 5 st + el = 0, -e 3 + tUt = 0. Hence $ = £f = £ 3 4 = si = «• Then all torsion 



0. 

S6 — S6 — S3 — S3 — u - lual ail ^icuOn 

equations vanish, and the theorem is proved ([3], torsionsu22 . red). □ 
Corollary 3. Any J G ^£ su (2)esu(2) * s equivalent under some member of SO(3) x 5*0(3) to 





1 













-1 























£ 








V 














1 














-1 








\o 





1+f 
n 








-V 



(19) 



with (,t) £ 1, 77 7^ 0. J(£,,r]) and J(£',rf) are equivalent under some member of SO (3) x 
S*0(3) (resp. t (SO (3) x 50(3)),) i/ and onfo/ i/ £' = £ and 7/ = 77 (resp. £' = — £ and 



10 



Proof. J in (US} satisfies J 2 = -I if and only if £f ^ and £f = - 1+ [f )2 , £ 6 
to J(£, ??) in HU) with £ = £f , 77 = ff. 

Suppose J(£',r)') = $J(C,?7)$ _1 with $ = ( 

010 



6 _ 



e 50(3) x 50(3). Then 



-£f> leading 



010 
-100 

£' 



4>i 



100) $-! and 



1 

-10 I — <J> 9 
' 



10 
-10 
-£ 



10 6^ ) $ 2 1 j which imply first £' = £ and second 



$1 = diag(.Bi,l), $ 2 = diag(i? 2 ,l) with Ri,R 2 G 50(2). Then f = ^ ( ) ^jT 1 

V 77 / \ 77 / 

implies 77' = 77. 



Now suppose J(f, 77') = 77)*- 1 with * = r$ e r (50(3) x 50(3)) , $ 



' $1 o 

, $2 



g 

50(3) x 50(3). Then $J(£, I?)*" 1 = tJ{^' ,i)r = J{-^',-^f-), Hence £ = and 
l+£' 2 • / l+£ 2 

77 = X 7— , I.e. 77 = ^S-. 



□ 



Remark 4. Lemma 1 in [4] states that a left invariant almost complex structure on SU (2) x 
SU{2) is integrable if and only if it has the form AI^A' 1 with A £ 50(3) x 50(3), 
oelcGf, and 



(- 

c 








2 , 2 

c 





o\ 








-1 














1 














1 

c 








a 
c 























-1 


\o 











1 


0/ 



One has $- 1 / a , c $ = J(f , 



with $ = dia. 



*{{Vh^)>{Vh~i))* so ®* S0 ®- 



Remark 5. su(2) x su(2) has no abelian complex structures since, for J(£, 77), m = CJf 
CJ. 



(i) 



(i) 



CJ^ is the solvable Lie algebra [J} 1; , J^>] = i(l - i£) J[ L> , [J [ 3 L > , J 



(i) ?(i)i _ 



?(i) 



fw 7(2)1 _ i+e j(2) 
i) 1 



Corollary 4. 3£ au (2)esu(2) * s comprised of the matrices 



( A?e 

-Ai/ii£ - 
Ai^i^ - /xi 

V -^Ax.2 



77J?i/l 



-Ai/ii^ + ^i Ai^i^ + /ii 
M?£ Ai - ll\Vxi 

-Ai - /ji^iC ^ 2 £ 



£ 2 + l 



2 + l 



A* 1^2 



'2 
r+i 



77A1A2 

-T)fXlX 2 
T)V\\<x 

A2M2C - ^2 
-A 2 ^2? - A*2 



(£,77) elx 



(r) 



e § 2 



-77A1/J2 
W1M2 

-7?^lM2 
A2M2C + ^2 

-A 2 + /U2^2£ 

1,2. 



?7Ai^2 \ 

-Wlf2 

771/1 z/ 2 

-\2V2i + fJ>2 
A 2 + /J 2 ^ 2 £ 



(20) 
(21) 



Proo/. X su (2)© su (2) is comprised of the matrices <&J(£, 77)$ ((,17) e Kxl*, $ e SO (3) x 
50(3). Let $ = ( £ ) G 50(3) x 50(3). $ 1; $ 2 can be written in the form JT2J) for resp. 
qi = (ui,Vi,wi, Si), q2 = (m 2 , f 2 , w 2 , s 2 ) G § 3 . Then Ty)^ -1 is the matrix (f2"0")) with for 
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A, = 2(siVi - UiWi), (22) 
/ii = 2(siUi +ViWi), (23) 
Vi = 2u? + 2v?-l. (24) 

One has A 2 + M 2 + v% = 1. Conversely, for any matrix J of the form PO)) with condition 
(|2"Tj) there exist $ e 50(3) x 50(3) and (^,77) G R x R* such that J = $J(^,ry)$- x . This 
amounts to the existence for i — 1,2 of = (v,i,Vi,Wi, Sj) S S 3 such that equations (|22[) . 
(j2"3")) . hold true, which again follows from the Hopf fibration. □ 

Corollary 5. X 6U (2)0 SU (2) * s closed 6- dimensional (smooth) submanifold of R 36 diffeo- 
morphic toixl'x (§ 2 ) 2 . 

Proof. Let X the open subset of R 36 of those matrices (a*) 1< . such that 

H 2 iV x iV 2 ^ where 2 = E -= 4 («j) 2 > #1 = (4 - 4f + (4 - off + (a 2 - a 2 ) 2 , 
7V 2 = (ajj - 4) 2 + (4 - 4) 2 + (4 - 4f and consider F :lxl«x (§ 2 ) 2 -> X defined 
by F(£, 77, (Ai, Ml, vi), (A2, M2, vi)) — J where J is the matrix (|20|) . 

Observe first that F is injective. In fact, £, (Ai, /ii, ^1), (A2, M27 ^2) can be retrieved from 
(a*-) = F(^,ry, (Ai,//i,^i), (A 2 ,/i2,f2)) by the formulas £ = a} + + a|, 

(2 3 1 3 1 2 \ / 5 6 4 6 4 5 \ 

a 3~ a 2 a 3~ a l n 2-"l 1 f\ /<„ ,y„> f a 6- Q 5 a 6~ a 4 Q 5 - Q 4 | . ln PTir ,p 

~7N^ , ~7^^'~7^^) , ^2,M2,^j - v~7Hf' y^'i^rJ ' 

^1), (A2, M2, ^2)) = 77', (Ai,^, 14), (A 2 , // 2 ,^ 2 )) implies f = (Ai, Mi. K) = 

(A1A2 — X1/H2 AlI/2 \ 
-/iiA 2 -mi "2 I 7^ 0. From 

^iA 2 -^iM2 fif 2 / 

the injectivity of F, 3£ su (2)e su (2) = ^ U (2)© 5U (2) u X su(2)© 5 u(2) with disjoint union, where 
•^su(2)©su(2) denotes the set of those Js having 77 the sign of e (e = ±). Now, the map 
G e : X -» R x R £ * x (§ 2 ) 2 defined by 



G e ((4)) = ^aj + a| + ai|, e 

/a|_a| a|-a| of - a| 

is a smooth retraction for the restriction F e of F to RxR*x(§ 2 ) .Hence ,F £ is an immersion 
and the topology of 3-s U (2)© su (2) * s the induced topology from X. The corollary follows. □ 

Remark 6. We may consider u(2) as a subalgebra of su(2) © su(2) by identifying Ji , J2 , J3 , J4 
to , , J3 1 J3 respectively. Then the complex structure J in (|20j) leaves u(2) invari- 
ant if and only if A2 = M2 = 0, ^2 = ±1- For the restriction of J to u(2) to be (|10p . one must 
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J 



/ («l) 2 c 2 C 
— (af - a\a\c^)c 
(a\a\c£ + a|)c 



\-(e + l)c 2 a\ -(e 2 + l)cV 



(a| + a{a\c£)c (a%a\c^ - aj)c 



(a|) 2 c 2 e 
{a\a\ct, - a\)c 





{a\a\c£, + a\)c 

4) 



l)c 2 a| 








-l> 2 









1' 2 






Q 4 






Hence any complex structure on u(2) can be extended in 2 (in general non equivalent) 
ways to a complex structure on su(2)©su(2). For example, J(£) can be extended (here 



.4 = 0, 04 = 1, c = 1) with V2 = 1 to J(£, 1) or with V2 = 
which is equivalent to J(£, —1). Now, J(£, —1) = J(£, 1) <^> £ 



-1 to 



/ 





1 











-1 






















« 





1 













-1 





V 








1 














-(1+Z 2 ) 





-(, 



5 SU(2) N . 

The results of lemma 21 theorem [5] and corollary [3] easily generalize in the following way. 

Lemma 5. For any N e W, Aut(su(2)) N = SO(3) N U (U ctGE t ct (£0(3)^)) (disjoint 
reunion) where £ is the set of circular permutations of {1, • • • , N} having no fixed point, 
and T a — {Tj)\^i.j-^N with the Tjs the 3x3 blocks T l - — 5 i rT ^ I (I the 3x3 identity and 
o~k,e the Kronecker symbol). 

Theorem 3. Let J : su(2) N -> su(2) N linear. J has zero torsion if and only if there 
exists $ € SO(3) N and M = (£fj)i<i,j<iV € gl{N,M) such that = J{M) with 

J(M) = (Jj(M))i^i^<^ N and the J](M)s the following 3x3 blocks 

/ 1 \ /0 \ 

Jl{M) = -10 (1 < i < N) , Jj(M) = {Ki,j<N,i^j). 

\o ell/ v> eijy 

(26) 

(Here we used that the analogs of 16|3, 26|3 36|4, 36|5 at the end of the proof of Theorem 
[3] are resp. , with i < j, 



3i-2,3j\3i: 




t3it3i-l 





3i — 1, 3 j 1 3 « : 


c 3i-l 
«3j " 


1 i-3it3i-2 _ 





3i,3j|3j-2: 


?3i 


t3j£3j-l 

S3.?S3j 


= 


3» — 1, 3j |3j - 1 : 


S3i 


f 3jV3j-2 _ 
r S3j S3i _ 






and give £3* 2 = £|j 1 = £ 3 | 2 = ^ 1 = 0. Then all torsion equations vanish.) 
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Example 1. For N = 4, 



J(M) 



( 1 

-1 









V 
















1 

-1 
















.12 
Mi 











so 





-1 














.12 
59 











1 

-1 





£ 3 

S12 



f 6 

S12 










?12 



.12 
S12 



M 



e 3 

\ti 2 



.12 
S6 



so 

.12 
S9 



£12 2 , 



Corollary 6. For even N, any J £ % SU (2) N * s equivalent under some member of SO(3) N 
to some J(M) = (Jj(M))i<* ,-<jv with M = .... such that M 2 = -I and JUM) 

defined in f26\) . J(M) and J(M') are equivalent under some member of SO(3) N (resp. 
t ct (50(3)^) , a ^T,) if and only if M' = M (resp. M' = M°~\ M° 

(here we make use o/(r CT ) _1 = r a -i and t c7 J(M')(t c7 )~ 1 = ^J CT ' ' 



' .3CT _1 (i) 



{M') i 



Example 2. For N — 2, £ consists only of the transposition (1, 2); M 



l^ij^Af 

3 



l+(^) 2 i3 



M' = 



i+fe 3 ) 2 



el 

4 6 



For a = (1, 2), t/ie condition M' = AI° 



reads Cl = -®,€ 6 



f3 



and is that of Corollary^ 



6 U{2) x f/(2). 



Lemma 6. Aut (u(2) © u(2)) = H U tH where r = 



iwo factors o/u(2)ffiu(2), if 









6| 





V o 



\ 














the switch between the 



4 



$4 







bl J 



,$i,$ 4 G SO(3),6#| 



&f6| ^ 
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tH = 









$2 





«4 


bj 


$3 











bl 


61 



,$2, $3 e SO(3),b 



4 6 8 

4°8 



6f6| ^ 



Proof. Analog to that of lemma |U 



□ 



Theorem 4. (i) Let J : u(2) © u(2) — > u(2) u(2) linear. J has zero torsion if and only if 



there exists $ G (£0(3) 



C and M G gZ(4,R) sucft, t6at $ _1 J$ = if(M), w/iere 



#(M) 



/ 





1 

















^ 












-1 







































cf 


f 3 

S4 








c? 


cf 




(a 


C4 3 


C 7 3 










ct 










c 4 


ci 




C3 4 


a 


C 4 



















1 








, M = 


a 


a 


C? 
















-1 















CI 


CI 










a 


a 








c? 


a 










V 








CI 


ci 








c? 


8) 











c? c 8 7 



(27) 



(ijJ For M,M' G <?Z(4, M), i/iere exists some (E H such that K(M') = ^K(M)^ 1 if and 



only if there exists ( h l b l i) G GL(2,K) smc/i that M' = GMG~ 



with 



G = 



(\ 





61 



6« 







G GL(4,R). 



(28) 



(Hi) For M, M' G gl(A,M), there exists <f G tH such that K(M') = ^K(M)^^ 1 if and only 
if there exists $ G H such that K(M') = ^K(M)^- 1 . 

Proof, (i) From lemma [3] and theorem fjji) , there exists <f> G (5*0(3) x M^) 2 c H such that 



( 





i 








C5 1 


a 





Cs 1 \ 




-1 











Cl 


a 


c? 


CI 












CI 


CI 


ci 


C7 3 


CI 










?3 


cl 


ci 


CI 


Cr 4 


cl 




Cr- 


C 2 b 


?3 


CI 





1 










Cf 


$ 


cf 


CI 


-1 













Cl 




CI 


CI 








c 7 7 


a 


\ 


C! 


cf 


Cf 


CI 








c? 


a) 



(29) 



Hence we may suppose J of the form ([29]) . The matrix (^ )i<;i^4 l 5^j^8 (resp. (Cj)5^i^8,i^jX4) 
is the matrix of it\ (resp. of lemma[3l Consider u = ,v = 7r| J2 2 \w = ,z = 



15 



tt\ J4 . From lemma [2] (ii) one has: 





[u, v] = 


= o, 






v, w] 




-V + 






u, w] 




-u 






[u. 


z] 




-4 7 v 






[v, 


z] 


= s" 


8 7 u 






w. 


z] 


= 






the 


same reasoning 


for 7r 





1 














-1 























f 3 

S3 


£ 3 

S4 














f' 4 
S3 


f 4 

S4 














f b 
S3 


si 





1 








S3 S 


a 


-1 











a 


a 














si 


a 









o e 7 e 8 \ 

t2 pi 
»7 S8 



Now the torsion equations 17|3, 27|3, 18|3,28|3, 35|7,36|7, 45|7,46|7, give the 4 Cramer 
systems ~ $ = 0, # + £f£ 7 = 0; - & = 0, & + = 0; - £f = 0, 



e 3 6 + #d = o, ae 7 - et = o, ei + #ei = o. 
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Hence # = $ = $ 
([3] torsionu22.red). 

(ii) Suppose there exists 



« = o = e 



£ 6 

S3 



si 



0. Then all torsion equations vanish 



4> 








* 





&t 


6f 








$4 







o &§, 



eif, $i, $ 4 6 50(3), 6j6| - 6|6| ^ 



such that <Z>K(M) = K(M')&, with M 



has $K(M) = ( gg ) with A = 



/ o 1 o 
$, -100 

1 V «i 

D' = ( — 



10 
-10 
0$ 

A' - 

> ^1 - 




and £T(M')$ = 



One 



Ai = 



4 




* * * 





1 
-10 



1 
-10 



4>j 



Hence £' 3 



?3i 



16 



£'l = and $1 = diag(i?i, 1), $4 = diag(i? 4 , 1), Ri,IU e SO(2). Now 



/ Ri 














\ 





1 




























4 











Ri 




















1 





V 





bl 








61 / 



and we can reindex the basis as the new basis (j} 1 ^, J%~\ j[ 2 \ \ J3 \ J4 1 > J4) 
that $, K(M), K(M') have respectives matrices in the new basis: 



so 



$ = 



/ Ri 














\ 





i?4 




















1 




















b\ 





b\ 














1 





V 








b% 





bl J 



K(M) 



( 


1 













\ 










-1 































1 







1 













L 
















\ 













M 


/ 














/ 





1 





















-1 


















K(M') 

















1 





















-1 






























M' 



The conclusion follows. 

(iii) One has tK(M')t = K(tiM'ti) with t\ the same as r yet with 2x2 blocks: T\ = 
1 o\ 

0001. Now, let * = t$ G tH, $ G H. Then K(M') = ^K(M)^- 1 if and only 
0100/ 

if ^K(M)^- 1 = tK{M')t = K{t x M't x ) i.e. there exists (£| £l) € GL(2,R) such that 

i.e. M' = (riG)M(nG)- 1 = GiMG^ 1 with Gi = 



t x M't x = GMG^ 1 with G as in 

(1 \ 
b 8 b 8 1 / 6 s b s \ 

1 which is simply the matrix corresponding to ( f A I G GL(2, R) in the 

formula (HU). □ 



Corollary 7. ^ny J G ^ u (2)eu(2) * s equivalent under some member of (SO(3) x R* ) to 
K(M) in (Ffy with M G GL(4,R), M 2 = -J. K(M), AT(M') are equivalent if and only if 

there exists some ( b i'i) G GZ(2,R) such that M' = GMG^ 1 with G as in OS)) . 

Proof. Follows readily from theorem [¥] □ 



7 17(2)*. 

The results of lemma |51 theorem 0] and corollary [7] generalize in the following way. 
Lemma 7. For any N G N*, Aitt (u(2)) JV = HnU (Uaes Tcr ^iv) (disjoint reunion) where: 
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• H 



n = {;' ; ),. ,,- v: U* = ( *' °, ) , Uj = ( ° J ) (i ^ J), ^ e 50(3), dct (&>') ^ o} ; 



E is the set of circular permutations of {1, • ■ ■ , TV} having no fixed point, and T a 



T/ie Kronecker symbol). 



with the TU the 4 x 4 6/octe T? 



I (I the 4x4 identity and 5k,t 



G gl(2N,R), M) 



Theorem 5. Let J : u(2) JV -> 
(50(3) x M* ) iV C Hjy and M 
that $ _1 J$ = K(M) with 

K(M) = (K){M)) 1 ^ N 
and the Kj(M)s the following 4x4 blocks: 



Kj(M) = 



u(2) . J /ias zero torsion if and only if there exists $ G 



Mi— 1 Mi— 1 

S47-1 s< 



»4j-l 
-4i 

>4?-l 



»4j 



(30) 



1 





-1 








Ml , 































(1 < i,i < AT, i^j). 



(Here we used that the analogs of 17|3,27|3 18|3,28|3 35|7,36|7 45|7,46|7 at the end of 
(i) in the proof of Theorem 3] are resp. , with i < j, 



and give _\ 
torsion equations vanish.) 



4? 


- 3,4j - lj4z - 


1 : 


Mi- 
?4j- 


-3 

-1 


Mi— 1 >4i- 
S4t— 1S4j- 


-2 

-1 — 





4i 


-2,4j-l|4»- 


1 : 


Mi- 
?4j- 


-2 
-1 


_i_ Mi— 1 t4i- 
T ?4i_i?4j_ 


-3 

-1 — 







4i-3,4i|4i- 


1 : 


t4i- 
?4j 


-3 


Mi— 1 Mi- 
Mi- lS4j 


-2 _ 







4z- 2,4j|4i- 


1 : 




-2 


, Mi— lMi- 
i ?4i-lS4j 


-3 _ 





4i 


-l,4j-3|4j- 


1 : 


S4i- 


-3 
1 


Mj'-lMj- 
S4j-lS4i- 


-2 
-1 





Ai 


-l,4j-2|4j- 


1 : 


S4i- 


-2 
1 


i Mj-lMj- 
T ?4j-lS4j- 


.i 

-1 — 







4i,4j-3|4j- 


1 : 


t4i- 
?4j 


-3 


Mj-lMj- 
< Mj-lS4i 


-2 _ 







4i,4j-2|4j- 


1 : 


*4j- 


-2 


t4j-l>4j- 
t ?4j-l?4j 


-3 _ 





Mi-2 
?4j-l 


f4i— 3 f4j- 
- ?4j - ?4j 


2 


S4i- 


-3 
1 


_ Mj-2 _ 
— S4i-1 — 


S4i 


-3 



f4j-2 
->4( 



0. Then all 



Corollary 8. Any J G 3^(2)^ * s equivalent under some member of (50(3) X 



.AT 



K(M) in CP u»tfi M € GL(2TV,R), M 2 



orzii/ i/ i/iere exists some (bfj) 



to 

-I. K(M), K(M') are equivalent if and 



G GL{N, E) swc/i *Aai M' = GMG~ with G 



Remark 7. The closed set 72. = {M G GL(2N, R); M 2 = -7} is comprised of the conjugates 
of T = (/ _ o N ) (Tjv the TV x TV identity) under the action of GL(2TV,E). Hence it is a 
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27V 2 -dimensional submanifold of K 4Jv2 with a diffeomorphism x ■ GL(2N,R) / S -> K, S = 
{Q = ( s ~R ) ' R > S € GL ( N , K), det Q^O} the stabilizer of T, and x defined by \ [P] = 
PTP- 1 for [P] the class mod S of P e Gi(2iV, E). For AT = 2, x ; U " " x ' ' 



-Tj 



l+S 2 _t 



(£,?,) € Ixl'. For general TV and for G G GL(2N, M), M = x[P],M' = x [P'\ e ft, 
GMG' 1 = x [GP] and the condition M' = GMG -1 reads [P'] = [GP] . 

8 Local chart and a representation for (U(2), J (£,)). 
8.1 Local chart. 

For any fixed £ G E, denote simply J the complex structure </(£) on u(2) and by G the 
group U(2) endowed with the left invariant structure of complex manifold defined by J. For 
any open subset V C U(2), the space Hc(V) of complex valued holomorphic functions on 
V (considered here as a subset of G) is comprised of all complex smooth functions / on V 
which are annihilated by all XJ = Xj +iJXj (1 ^ j ^ 4) with (-Xj")iC7<4 (resp. (JXj)) the 
left invariant vector fields associated to the basis (Jj)i<j'<4 °f u (^) (resp. to (J P,)). One 
has = Xi - iX 2 , Xf = iXi, X± = iX 3 + (1 - i£)X 4 , Xf = + i^)X^, hence 

Hc(V) = {/ G G°°(V) ; If / = XI f = 0}. (31) 

As is known, the map S 1 x SU{2) -> 17(2) defined by 

(C,A)~(g J) A 

is a diffeomorphism of manifolds (not of groups). Introducing Euler angles as coordinates in 
the open subset ft = SU(2)\(e RJl U e 7rj3 e KJl ) of SU{2), one gets the coordinates (s,9, ip,ip) 
in the open subset 

such that u defined by 



7=(S 1 \{-l})xfl (32) 

in m ( e ' s °\ 8 7, «/>j, /e Js e* 2 cosf ie ls e li£ 2 j£l sin|\ /ooX 
V u V V«e 2 sin I e 2 cos | / 

is a diffeomorphism of ] — w, 7r[x]0, 7t[x]0, 27r[x] — 27r, 27r[ on V. Then one gets on V (see e.g. 
H2I,P.141): 

, 9 simp d n . , d 

Xi = cosip— + r ~r -= cot 6 sm tp — 

06 smO o<p dip 

, , 9 cos^ 9 „ 8 

X 2 = -sm^ — + — cot 9 cos tp — 

09 sin 9 dip dtp 



X 3 
Xi 



d_ 

Ihp 

d__d_ 

ds dip 
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Hence / € C°°(V) is in Hc(V) if and only if it satisfies the 2 equations 

. . df df df 

ism0— + - cos# — = (34) 



^ + = (35) 



The 2 functions 



89 dtp dip 
dip 1 1 * U 9^ 



w i = e *(s+v) cot _ ( 36 ) 



w 2 = e^^^+i^e^VshTe (37) 

are holomorphic on V. Let F : V — > C 2 defined by i* 1 = (k; 1 ,^ 2 ). It is easily seen that -F 
is injective, with jacobian — e^^ (cot |) 2 ^ 0, hence F is a biholomorphic bijection 

of V onto an open subset F(V) of C 2 , i.e. (V, F) is a chart of G. F(V) is the set of 
those (w 1 ,™ 2 ) £ C 2 satisfying the following conditions, where n = litf 1 ],^ = |io 2 | and 
w(n,r 2 ) = logr 2 - i log^ : ri r 2 + 0, , y^V^O+F) < r 2 < y^^e^^T , 
argwi ^ 2(1 + £ 2 )w(ri, r 2 ) mod 27r , argw 2 ^ £w(ri,r 2 ) + 7r mod 27r. For example, if 

e = o, 

V = |J |J (( C n \ W = Mn,r 2 )}) x (c< 2 > \ {arg = tt})) 

r i >0 e"f 9 (n)<r 2 <ef y(n) 

where (j = 1, 2) is the circle with radius Tj in the -plane and y(x) = (x > 0). 

8.2 A representation on a space of holomorphic functions. 

As U(2) is compact, there are no nonconstant holomorphic functions on the whole of U(2). 
Instead, we consider the space Hc(V) of holomorphic functions on the open subset V (j3"2")l . 
and we compute (as kind of substitute for the regular representation) the representation 
A of the Lie algebra u(2) we get by Lie derivatives on Hc(V). First, note that for any 
x = icd) G^asin (13"3"1) . the complex coordinates w x ,w 2 of x (|36I37[) satisfy: 



w 1 = -ie- ls t (38) 



. l+it 



(w 2 ) = 2iabe^. (39) 

Then one gets for the complex coordinates itf*_ tJl , w 2 _ tJla , of e~ tJl x (x e V, t € K suffi- 
ciently small): 

1 1 + w 1 cot I 

w e- tj ^ = C ot nr^i 



K- tJl J 2 = (w 2 ) cosi+ — 
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Whence for any / G Hc(V), denoting J\f instead of A(Ji)/ : 



(Ji/) (w\w 2 )-- 
In the same way, 



£( 1 2 \ 

-^.J\ W e- tJ ix' W e- tJ ix> 



l + iw 1 ) 2 df w 2 (i - K) 2 ) a/ 



t=0 



4W 1 



chu 2 ' 



-tj 2a 



(^- t .7 2x ) 2 



(j 2 /) KV) 



i sin | + w 1 cos | 

— i — 

—i cos | + w 1 sin | 

/ 2\2 / , . sint 1 + (w 1 ) 2 ^ 
(«»* + .- 

^-(w 1 ) 2 ) 9/ + «w 2 (l + (w; 1 ) 2 ) df 



dw 1 



Aw 1 



dw 2 



W e - t j 3Q 



(w 2 e - tJ3x ) 2 
(J 3 /) (™\ W 2 ) 



dw 1 



Finally, 



2 ^2 



K-«*i) 

(J 4 .f) (w\w 2 ) 



(w 2 Y e "i+c^ 
1 + ^ 2 3/ 



i + <e 2 dw 2 ■ 

In the complexification s[(2) © CJ4 of u(2), introduce as usual 

H± = iJi =F J2, #3 = iJz 

so that 

[H 3 ,ff±] =±ff±, [H+,H_] = 2H 3 . 
Then, extending the representation A to st(2) © CJ4, one has, with H4 

, df 1 ^ 2 df 
dw 1 2 dw 2 



(H+f) (w 1 


w 2 ) 




(H-f ) (w 1 


w 2 ) 


.(df 
'{dw 1 


(H 3 f) (w 1 


w 2 ) 


w 1 df 

dw 1 


(H 4 f) (w 1 


w 2 ) 


w 2 df 
dw 2 



(40) 
(41) 
(42) 
(43) 
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8.3 A subrepresentation. 



We restrict A to H(C* x C*) (C* = C \ {0}), and denote tp p<q the function (p Ptg (w 1 ,w 2 ) = 
(w 1 ) p (w 2 ) q for p,q e Z. The system (<^p, q )p, g gz is total in H(C* x C*), and one has: 

H + Vp.q = i {P ~ | ) Vp+l,q ( 44 ) 
H-¥ P ,q = MP+d^ (45) 



2/ 

Hslfip.q = P<Pp,q (46) 

Hifp.q = qip p ,q (47) 

For any g £ Z, the subspace 7i g of functions of the form (w 2 ) q g(w 1 ), g £ H(C*), is a closed 
invariant subspace of H(C* x C*), and H(C* x C*) is the closure of (B 9 ez^9- 



8.4 A lemma. 

Lemma 8. Let £ = H(C*) the Frechet space of holomorphic functions of the complex 
variable z on C* . Let J- be any closed vector subspace of £ that is invariant by the operator 
z-j^. Let f 6 T and f(z) = X)p=*^oo c p zP ^ s Laurent expansion in C*. If for some p € 
Z, c p 7^ 0, then the function z i— > z p belongs to T . 

Proof. We show first that the function z i-> f(e i9 z) belongs to T MB e R V/ G J* 7 . Let f E J- 
and /(z) = X^p^oo c p zP its Laurent expansion in C*. Since it is uniformly and absolutely 
convergent on compact subsets of C*, and since the operator H — z4- is continuous on £ , 

^t(H k f){z)^ Y Cp ^^z p ) VfceN, V0eK, VzeC*. 
fc! ^— ' fc! 

p — — CO 

On the other hand, for any fixed 6> s R, the double series 

+00 +00 ,. n vfc 

E £ 

fe=0 p= — oo 

is absolutely and uniformly summable in the annulus A{r, R) for any < r < R < +oo since 
E E M^^N P <E Mr'^ + E IcpKe^^+oo. 

fc=0 p=-co p<0 p^O 

From the associativity theorem for summable families, 

with the series uniformly and absolutely convergent on compact subsets of C*. The con- 
clusion follows, since H k f S J 7 Vfc. Now we use the same trick as in ([5], p. 14). For 
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any z £ C* , denote f z the periodic function on U h f(e te z). Its Fourier expansion is 
f(e ze z) = Et=-oo~c P (zy pd where 

c p (z) = l-J^f(e ie z)e~^d9. 

The function z i— » c p (z) belongs to T as the right-hand side is a limit in E of linear 
combinations of functions z i— » f(e lS z). But with the Laurent expansion of / one gets 
f(e l6 z) — J2p^-oo c p z p e lp6 . For any z, that series is a trigonometric series that converges 
uniformly on R hence it coincides with the Fourier series of f z and c p (z) = c p z p Vp G Z. 
Hence if for some peZ,Cp^0, then the function z i— > z p belongs to JF. □ 

8.5 A closer look to the subrepresentation. 

Introduce the Casimir C = H + H- + (H3) 2 — H3. On Tt q , C = u(u + 1) with u = |. 
Now, we distinguish cases. We use both the notations f„, D q (2k), etc. of [3] (Th. 2.3) for 
representations of u(2) and usual notations of e.g. [9] (7.3) ] u ,D^ k \ etc. for representations 
of st(2). One has T£=t« ® 9 , Z? 9 (2fc) = !><*) ® g etc. 

Case 1: g = -2fc, fc € N\ {0}. Then from |@4}, (gSj), the closed subspace (resp. 
generated by { (,9 g , n 6 N}, (resp. n G N}), which is comprised of the functions 

(w 2 )~ 2k (w 1 ) k g(w 1 ) (resp. (w 2 ) _2fc (w 1 ) _fc 5(^ T )), g e H(C), is invariant and topologically 
irreducible from lemma[5] H q = J \ q _ k = J \_ k ®1 > ^ =4%=l-fc <8> 5 ■ Tig is indecomposable 
and W g /(ftj is top. irreducible and equal to D q (2(k - 1)) = L^- 1 ) ® g, i.e. H g is 
a nontrivial extension of D q (2(k — 1)) by j^ fe © J,* fc . 

Case 2: g = 2fc, fc e N. Then the closed subspace generated by {<y5-fc+ n , 9 ,n £ N,0 ^ 
n < 2k}, which is comprised of the functions (w 2 ) 2k (w 1 )~ k P(w x ) , P € C[w 1 ],degP ^ 2fc, 
is invariant and topologically irreducible from lemma [SJ and TL q = D q (2k) = ® q. 
There are exactly 2 closed invariant (nontrivial) subspaces containing Ti® ■ Each one is 
indecomposable, with top. irreducible quotient by TL® equal respectively to t-jt-x or l-fe-x • 
Case 3: q £ 2Z. In that case H q — D q (u, 0) is top. irreducible. 

We see that A is quite different from the regular representation, since the differentials of 
the representation in the unitary dual of U (2) are D^> ® m, 21 6 N, m € Z, with 21 + m 
even ([I], p. 87). 

9 Chart for (577(2) x 577(2), J(f , 77)). 

In this last section, we compute an holomorphic chart for J(£, 77), (£, 77) gRxl*,in the open 
subset W = fixfi oiSU(2) x SU{2) with Euler angles coordinates {6% > 4>i > V'l > #2 > The 
space -ffc(W) of complex valued holomorphic functions on PF is comprised of all complex 
smooth functions /onlf which are annihilated by all 

xf ] " = Xj fe) + i JXf ] , 1 < j < 3, 1 < k < 2, (48) 

(JQ ) the left invariant vector helds associated to the basis (j[ , J% , J3 , J% , J? , J3 ) 
of 5u(2) ©su(2). One has x[ k) ~ = x[ k) - iX ( 2 k) , x[ k) ~ = iJt[ k) ~ for (k = 1,2), and 
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X™ =i V xW + {l-it)xi 2 \xW =-i 1 -±£xM .Forfc = l,2, 

v (k) , d sintpk d . d 

X{' = cos ipk — + , cote k smtp k —— 

d9 k sinflfc d<^ fc dV'fe 



(fe) 9 cosV'fc 9 a 
\' = -smip k — + . cot 6» fe cos V'fc ^— - 



X. 



d 



3 ~ dVfc ' 

Hence / e C°°(W) is in £fe(W) if and only if it satisfies the 3 equations 

isin^^ + ^-cos^i^f- = (49) 



d6*i d</?i di/>i 

df df df 

isin^^ + ^-cos^^f = (50) 

"Mi+v-vw = °- (51) 



The 3 functions 



z 1 = e iipi cot-± (52) 
z 2 = e^ 2 coty (53) 

z 6 = e l ~e~ T +^ T ~ 2 Vsin^iVsin^a (54) 

are holomorphic on W. Let Z : W — > C 3 defined by Z = (z 1 , z 2 , z 3 ). Z is injective, with 
jacobian — 4(T+g2) e 1+ « 2 ^ 2 (cot ^) 2 (cot ^) 2 7^ 0, hence Z is a biholomorphic bijection of W 
onto an open subset of C 3 , i.e. (W, Z) is a local chart for SU(2) x SU{2) equipped with the 
complex structure J(£,r]). 
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